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*~~~%~~~.a~M~~~M¥~m~.~~®m~~.~w~~ 

~:1\tf,!f~~. 

1. tJJ~reJtt~m 

~E·~~~~~•oo.a~-~~~~~w~•& ~-~~~• 
1iJ ~*7f-m~~~{ii~:l: X =(x,, x2) f'Fm~~~;lit s ~~-. a-fill~~ 

~J!tX(s)-~px,(s)~ x2(.\)-·Wj~~-AJ~~. Ji~:i: X'(s)@ 

:11'~~. ~~~~ili!:N~·J:~~~~¥&W~:Ite,(s), ~-11:\'X'(s)~ 

~~¥iiirtu:IL ~Ji, ~ E -~rtu~. M e,(s) IE:hi'E rr/2 itt!J~J¥&~rtu 

jte2(s). Frenet~~~teX(s), e,(s), e2(s) z.r .. ~~~~: 
dX de 1 de2 --=eu --=~ee20 --=-~ee1• ds ds ds 

(1) 

~f,(~e(s)m~dl!~. ~e(s)AJIEAJ:f!t, :;tic~dl!~•g~G•OO~~rtu~. JIU~~ 

~lit. 

~•cm~m~. ~•xc~•mML~-~~~~~L•~•c 

~-·· ~-fi~M¥~ ~-~0<~-~<L., ~~ 
X(s1)~X(s2). 

CD !ilt:I'!:7U~tE Studes in Global Geometry and Analysis (edited by S. S. Chern), 

Mathematical Association of America (1967), 16-56. 4<:1!ft~El383 Dii!fl:ll. 
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mift~ e , 0 < e <n/2, ~1l'l~l&Poftl-001iil~ U, ~ U flit~ ~:tEPol'tiJ TJ 

t!lll~i"J, ~~~. fl P EU, Ol'(Po);f!JOl'(p)zrdla~~fill,Nk e. ~~RJ 

fi~~. ll51~~:Ml':iiH!Uill'l'9, ~~i'l'9~f11:~~Uf-~ 

t(p)-t(P0 )=e'+2tc(p)rr, le'l < e, (3) 

jtl'j:ttc(P)~!U~:. IDtqo :l!~lllt mPo l:i'l'9if:M:-!!!Ji, fFZf'tr:lk PoP i'l'9~N: 
q

0
q, Jl~q:(EmpJ:. 71:!/mp, t(q)-t(qoH1::qEm~ili8:\i~, Jl~q~ 

m-~~i8Sj:\J.j[{l~~. 12Sld( q, qo)'H~ TJ, El3::15r~(2)~~J 

I t(q)-t'(qo) I< n. 

~5}1], flqo=Po, 

lt(p)-t(Po)l<n. 

Jltf~-~:!f.:~::15~~5'\(3)ijf/~~*· :!tiM~JU 

tc(P)= o, 
illitm!l.IH t(p) tE.0..9=t:!UHli't'~. I2Sl t(p):=T(P)(mod2n), ~£~1±1 

t(P );Ilk RJW:?t!31J. 
m,:(EIDtA(O, 0), B(O,L);fllD(L,L)*:.0..J31.ilJU\lJi, CJ31)JPE•m 

l\li:EI3r?JJ~~?tm*~= 

2nr=J dt. 
AD 

12SJ~t(P)tE.0..i"l'fi~~. F;TJ;J. 

J 
dt=f dt + J dt 0 

AD AB BD 

~atJI::ti~lt3~~-?fS'i.lfl, :!tfill~J&~'ttit\J&~*· ::-ftii~IDt X(O) ;!ikC 
l'tiJ "Rlfl£l'1Ji" , ~P~l?!~~~~NM\J~.ti. Jl~ X (O) ff~l?!~i* lP.Ji. :!k~ 

C~OI'tiJW~t;llk*Zf'~, *ffi~m~~OXI'J'g:Jj'~,~~. ~~C~~ 

~J;J.OX~~~I'tiJJ:*Zf'OOi"J, Jl~-?t 

f dt 
AB 

~~;tkl!;P~,:\'C~fJ-}!l~OP!fEI!iljig~Jt, 12Sl~OP;T)<~j~~T7J, it&~ 

Mfill!t~en, e = ± 1. ~{j;I,Jig, ~ft{?f 

-'A 
'.il'~ 

i_,l 

··· It 

"i!il! 

J.lll .. 

. 

·ffi~- ~~~Mt~~~~~oo· 

r dt hD 
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it~:lkl!l P 11:1' C mtr-WI~. OP 1PEMJ31.1~1t. jl;fl -!E. ;Ilk en. ll51Jit, ~PI'Hfl!! 

~?f!31J;f!J~ 2en, m ~ ~~ C J31.1@1Mfi!l\l(~± 1, ~Zt7tRJGT~3JUl'-Jnf00. 

($'.kJ'G) 

=!J1;1l'l~~~m-oo;m?t~~*~~@JM1~~. •lffJ:, fUm:tE51l!l!.4r 
!31J~ll/:t(s), :fltfJRJ1El ~~J31.1¥{l'z:W~.:I:;fll¥{l'z:~ I'il:S:I'ti.l?t:i:~ff;:tu:lr: 

e1=(cost(s), sint(s)), 
e2=(- sint(s), cost(s)). 

~it~~u 

dt(s)=de1 • e2=JCds, 

-t'E~m:n~~. :!J1;1l'l~l±l~rm:lk@IM1~~!31J~?t~~: 

2nr= Jc tc ds. 

~-~~flM~$RJG~. ~~~*~$;1lkM¥1'tiJ. 

iJ14*ft l±l-111191J.:r. 'E;Ilk@l"mr&~ 

51t!31J-~M~~. 

:tEW:?t~M4'1i~~fi~J31J~l!l!.fl~ 

-HI'l'9-~~-. g.m~?tN:~MJ31.1~· 

iE.RlGft.~~J31J~~~E131i~lllt~M~ 

AoAl, A1Az, ... ,Am-lAm 

Wf~RJGI'tiJ, mBiH\\~~rn:lP.Ji A;, i = 1 , 

(4) 

Ill 14 

···, m- 1 Wmlllt~l'ti.IW·RJ~;!ik~li'UJ31.1. llllafi~MI'tiJ, tu:I*Ao=Am. 

?tlllt~MM~~J31.1-00fkilti¥8917H~~i1i:a~~~. 

@1Mmtt!31J~~;f!JW~@If.$~l!I!.'M!l~ftllJU?tN:~MMJlll~. m::-f»n 
NOO~M*frU~:tu:lr. IDts;( i = 1, ···, m);!ik-t'EAo:~JAdt\J~:flt, Ucsm= L 

. ~~~Jlll~J31J:flt. s1Hj!:Jlll$Bfllt~J'iJ, JIUWI!lli:M:tE~ A; ~7'1-l'ti.lm'~f.&:$-fi 

~~. :tEJJ{~JiA;;ffffi ·lreUtlf.{ii:J'iJ:ll?tl.!UW:JkA;_lA; ;fll A;Ai+~o C!JUEAm+I = 

A1). 'EfJ:(ET J:a))Ji!lU~?tl.!UJf1T-(A;);f!JT+(A;)~l?- ~so&-t'ET-(A;) 

~UT+(A;)J31)filj, Jl- n <so;< rr. f(U~z. so;J&:t:EA;_lA; l'ti.IW~~jA;Ai+ 
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~w•~~~·••-••A~~ $•~~-oo•••~~c~. ~~ 
mOX~tltEX(s)i'!9Wrtu11:1'!9~. m::IJ~;;:!;; 

21CT= t, { i';(S;) -t;(S;-1) }+ t, 'Pi (5) 

~~1'19~r~-m~~.mmAA~i'I9§Mm~.~~~~w~@~~g~ 

Tit. ft. 
5E:el: 

•• 
M-Bt 

:t=-71-R:J't?lti'19AA**-~r.D¥1'19, .IIU~B1J@$$1~1k~~± 1. 
~mW~@~~~B1J-OO~ffl.~~~lliTOO~~r.n¥M8AA~i'l9~ 

-~M¥MAA~~81'19, ~~~R~~~~~~~i'l9~rtu~~B1JAA$ 

?:0. 
•*mlli. :t=AA~~~r.D¥~. M~ 

g~Jll(;ft. 4jl:jt_J:, f;j15*~lli-~~~81'19 

AA~. JtAA$ K > 0 0 

(~B}J) 

mmoo~-~J:!!!. ~~m~itilfctCs), tt£ 

K =dt j ds. ~{4: K 2 0 it~tJ~~t(s) 

~ ts ~¥~~~~-~.~mc~~¥1'19, ~ 

-l!'l~l§~ffii<~ t(s)( 0 ~ s ~L )EE 0 ti1JJ@]21C. ~!It. :t=tEX(s1);fr.IX(s2) 

Co ~s1<s2<L )a~W~1.ffflll'UI'I9mrtu, JIU c {It X Cs~)~UX(s2)1'19~1\~

Witit~. ~-1l:tE-*~i'I9W~-3\l{. 
~~t(s)( o ~ s ~L )~¥w.il/1'~1'19, mi C ~~~81'19, JIU:tE C l:1.!-

~A=X(~,~~C:tEA1'19W~ti'!9M~·1.!Ci'!9~.~~tl'!9~·· 

~~JI{ItC l::l'l9ff:-~ X(s)f!J t ~irrtu:!ffi~ID!~. ~~-M s i¥::J.lfi/ij 

~. ~~~~:tEAA**-Cl::i'19~M~N7},91]~~~J~:k~~'Nmt. 1{~, M~ 

N·~tEtJ::, ~C:tEM~Ni'I9W~-~rr~t. ~!It, ~m~W~~t 

~=~z~~1.1M~1.fmll'lli'l9mrtu. m~-•i'l9~~.~~~~-~. 
Jt?Jz, ~~C~8~. ~il~W3t(s)~¥~i'l9. ~fl~~ 

~t 

~ 

:i 

-· 

l" 

·me- R~.M~~~-~~~· ' 281 • 

t(s)1=t(s2), s1<s2, 

.ltUAA~tEXCst)~ X(s2) 1'19W~1.f;f!:Jil'UI'I9:f~ftiJ. - {§.~, 3Z.ir-W~~'Efl 

~rrmimftiJmoc. mC1'198~. ~oo~m~w~~m~. 

~!It. ~~~~~~cmw~mm~ll'Ui'I9~A~B~wr•t.m~oo~ 

RABJ6~Ca~-$7t. $1tl::, :t'i1F:Wl!lt, ~D~ABl:i¥-J-!~{§.~;(EC 

J::, ~D~*W::Ii~ti¥-J{§.;(E1i;r.~C!¥-J*~OOP-31¥-JW!~u. J1Uu~c;j:g3(':~ 

~m~. ti:~!E!t3C~zq:,, ~F~~ t ~~1¥-1. miG~-~ t ~~1¥-1. tt£.F 

~G • .RUG~:=~WABFI¥-.J-OOP-3~. C;(EG!¥-JW~i¥-JPI9!1.1JC!¥-J~, 

~~Ci¥-J8~5f'J§. 

m!lt~~.tEl::-•1¥-J®~T. ~RAB~Ci¥-J-$7}, RtEA~B 

i¥-JW**-:1JftiJfflll'IJ, ~ttmOOT·~ X(sl);f.OX(s2)1¥-J~-$~C. j&~gt 
ii~T t(s):tEI€frs, s1~ s ~s2~f*tif'!t~. IZSI!lt, iti~i'(s)~¥~1¥-.J. 

(~Kit) 

~Wlli.J~-*~~tt~OO:W:!T: 

M-Bt 

-~MAA**-::5 K (s)2 o, RJt1!fEMm~~ 1, JIU~~81¥-J. 

Wk&@f$~ffltJ::lltl::~EI3Riemann~!Jl.I¥-J. ~J::~¥-Jmoo~mH. Hopf 

*ftllii¥-1. (~Compositio Mathematica, 2 (1935), 50-62). ~~-$1¥-1 

9!1.. 1IJ tt~~: 

I. H. Whitney, "On regular closed curves in the plane", 

Compositio Mathematica, 4 (1937), 276-284. 

2. S. Smale, "Regular curves on a Riemannian manifold", 

Transactions of the American Mathematical Society, 87 (1958), 
492-511. 

3. S. Smale, "A classification of immersions of the two-sphere", 

Transactions of the American Mathematical Society, 90 (1959), 
281-2900 

2. 1191Jiitif:~ 

~~~OOAA**-1¥-J-Ml!-~~-~m~~¥-J"@JJi~~g".~ftiJ~OO 
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~•~•••~~~~•~m•~•~~. ~m••~•~~-~~• 
~. t&-~~OOM~-~~~jjfi1§l]J{E, -*•ll!~~$ a9~'NiUillit* 

fl. T00~5E:Ill!.Wt~~~I19®JJi!li. 
~31: 

• -~fl'li¥atM8~·~~~119MJJi~. 
~1ll5El'!I!.El3 Mukhopadhyaya t£1909~1fi7\:~m; TOO*il-l±l~NOO~ 

G. Herglotz ~Iff. )EJ:!!!.~~lilfU-~F8~·i:Q.Ji, &.::ll!:NOO.lt~fi§-. 

~1ll5EJJ.~~Eifii>1'fili~-$i:Jlc~. ~~-1llJJ,~>1'~i¥tll~~!mt€11ilm1llJJi 

Jti, Bt~rt;~•mili!ll~3C:ti.!Ji. 

(~H}]) 

••~•c•~mmmEM~N. a~Mmoom~glf±l~•·••M 
N>1'fi~C;ffi3{:~;l't't;~; ff;\l;G'ffi3C~Ql!!Jj, JIU;(EM, N, Q ~==-~~q:,r~'~, 

-!'imfF~•~m•~~~~~mE:tE~. mx-w~moo. •~MN~ 
-~·Cat-till~. ~-~~tEM~N~~·~~~. ~~M~N~~~ 

~-~~$11k>'a:'J'M;f!l~:7dl~-. 
:J:t~ffl 0 ;f!l S0 ~J]Ij~lf;M~N~~~. ~llkMN. X1 i¥tlf, J!Ufilig& 

x 2(s)< 0, 0 < s <s0, 

x 2(s)> 0, s0< s <L, 

;jtt:p L ~~· C ~:llt. & (x1(s), x2(s)) ~~· C x·U!~~- s ~l'Ji~ 
· )EUl:jRJ:J:, JtU;tt¥&mjRJ:i:;f!J¥Uz:~jR):I:~JJu• 

e1=(xf,xD, e2=(-xf,xf), 

;l't~ ""' ~lf;· s ~~ra;. E13Frenet~~ 

xf'=-~>xf, xf'=.txf, (6) 

~·~~u 
J: u[ds=-xrj: = o, 

tr:VffA~t«~ RT J;A~•rfn;f!l~: 

JL J'o JL KX{dS= KX~ds+ KX{d~ 
o o •o 

·m4- ~~~M~~~¢~~~· • 283 • 

fl~~q:,~~-tlll~ll!ffl~=t:pfl)E~. ~=t:j:lfl)E~Wt: ~f(x), g(x) 

(a ~x ~ b )~x ~jjfi11Jj?i[J&, ll./(x)~g(x)~!!Hft, g(x)fJ!tw.\1, JIU~ff 

;(£ ~ , a < ~ < b , ntli..@jjf¥ 

JIJ 

r. /(x)g(x)dx=g(a)J: f(x)dx+g(b)J: f(x)dx, 

~m.tCs):tE!Jfrl'l, o ~ s ~so~l!lird1 so~ s ~L 9='~::ll!:¥~~. :1kl~:f!J 

f 'o 1(1 {;o u[ds=~t(O) x[ ds+~t(s0) x[ds 
0 0 ~1 

=x2(~l)(.t(O)-.t(so)), 0 <~~<so, 

JL u[ds=~t(s0)("<2 x[ds+~t(L/L x[ds 
s0 ~ s0 'J f 2 

=x2(~2)(.~Cso)-~t(O)), So<~2<L. 

~mtr:Ylffi~;f!Jm~.mJ;A 

(x2c~~)-x2(~2))(~t(O)-.t(so))= o, 
{!!~. 

x2(~~)-x2(~2)< 0, tc(O)- ~e(s0)> 0, 

~itfiJIJ~-. 

~itW7:00:tE c x~~jl~-m:mJti, ~•llkm•mfl~~b·~•~l±lm 
~.mJ;J.~~~Im®JJi~. ~~NOOT)EJJ., 

(~?t) 

t~::m~~~=o, ~~. a~-mRTJ;J.& ;(E-~M¥~M8~•x~ 

~1ilmMfti~fi.t'= o. 

lmJJi~5E~-fl'li¥~M~~8·W~·W.·fl~; RJJ;A8•: 
1. S. B. Jackson, "Vertices for planecurves," Bulletin of 

American Mathematical Society, 50 (1944), 564-578, 

2. L Vietoris, "Ein einfacher Beweis des Vierscheitelsatzes der 

ebenen Kurven", Archiv der Mathematik, 3 (1952), 304-306, 

·T~-$~iff~, RJJ;A~: 

1. P. Scherk, "The four-vertex theorem", Proceeding of the 

First Canadian Mathematical Congress, Montreal (1945), 97-102, 
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3. lJS.iiii!llit.li!tl9~mJ'I'~~ 

:i:U: 
~~~*~m~M~~¥~m~~*· oomm~m~~*o~~z. 

~L-~¥M~BC~··· A·~•m~~ 

Q 

g' 

m~. J!.Y 
£2-4rrA2: 0, (7) 

Ji~&'tnli;:IT~. !0~C;miii11!lo 

··-~-B~~~-~. ~~~~~~ 
~~f,'?,-J;t:&m®t~~~{l!:Gil!tlt!%0~M:)o 

TOO~*ftl±lP!HmR!!J3, 1:;1JI]~,'31];mE. Schmidt 

(1939) %!JA. l;Iurwitz (1902) 1¥Jif'Fo 

(Schmidt) ftti tt aJJ 

~c~~~c~~mw~P%!JQ~m~• 

Ill 16 if!Bg%!Jg'zr", CIIJ16). ~ s = o, so ~ZIJ 

~!MP%!JQ~~-. ~fF-~g%!Jg'~-'31lW~P%!JQ~i(C, ~~*~~ 
r, ~llit't;~*'c..';m~l!*l¥.l~l!'Jio -61; X(s)=(x1(s), x 2(s)) ;me~~ 

{ft(ti]:l:otfl. 

(x1(0), X 2(0))=(x1(L), xlL))o 

c a1J~{ii(ti]:I:IIJ .J;l.Jiitf'F(.Xl(s), .X2(s)), ~~ 

.X1(s)=x1(s), 

_ {-v' y2-x:(s), OS:sS:so, 
X2(s)= 

+v' r2-x: (s), s0S: s S:L o 

-~*;mL~M~Bm~I¥JOO~IIJJ;t*~;mB~~: 

A= J: x 1x[ds=-J: x 2x{ds 

= jJ: (x1x [ -x2x ()d so 

Jmm-~~~ZUUI!ffl3l!JC%!JC, ~3l!J 

A= J: x 1x[ds, 

(8) 

~"-': 

j ... 

·~4- ~~~~~~~¢~~00· • 285 • 

;;;- 2 JL- -I d JL- 'd .t1 =rrr =-
0 

XzX 1 S=-
0
XzX 1 S, 

K*~~•cmmwmfa, Jm.J:oom~m:bll~3l!J 

A+rrr2= s:cxlx[-ZzX()ds (9) 

S: J~ J/(x1x~ -X2X ()Zd s 

I
L , 

S: 0J/(x:+x:)(x~ ,+x~' )ds 

JL-
= 

0
J/xt+.X i ds=Lro 

IZSl:mmooiEtrz:s9~f<il •:!t;J'N'~~~~1:;11'1~~m•:h"!i. m'.l;.l. 
- - 1 1 

. v' Av' rrr2 s 2 CA+rrr2
) s 2 Lro 

m~~jj~j(gtJii r gt~jl]~~~(7)o 

m~~~:1JfJl:A;(7)*~~1Vllt.ll:; J!.U A%0rrr2 ~~f"J·:h"!J~~m•:h"!im~ 

fffJ;tA=rrr 2, L=2rrro IZSl~if!Bg%!Jg'~:1J(t;]•tfJM:~. ~g;em!!J3C~ 

IW~~:1J(t;]fiffi!CiJW~-o Jlt?i-, ~:1JfJl~(g)*~&t~,~~~nX:.ll:o *fZU, 

(x1x [ -.X2x~ ) 2=(x;+zD(x~'+x','), 

~·· X1 -z2 J/x:+z: 
--=--=± =±r 
X~ X~ VX~2+x',' o 

~:1JfiM~M-OO~~IIJ.l;l.31±l~~-;mr, M 
X1=rx[, X2=-rX( 0 

'J;3C~x~;ftlx2 ~. J:~!»l~{JJ~Jllt.lz:, t!I.~ 

X 2=rx(o 

IZSlJlt, ~11'1~JIJ 

x ;+x:=r2 

m¥tR!!!37 C~-l:mo 

(tl~) 

Hurwitzi¥J[ll:!!J3fUffl7Fourier ~-~-~. ~fllft)'GR!Jij Wirtinge 
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i¥iJ5l1lJlo 
~131: 

• .fti~Hti'ril-l. • 

~f(t)~WJ;M~ 2rr 1¥i.J~·I¥9Nil:Wli!§l!k, Ji,li!,~~-1¥9$~/'(t)o :6' 

l"t(t)dt= 0' 
Jo 

JlU 

s:·f'(t)2dt2 r:·fu)·dto 

!lt7'!-, ~JiltnX::ll.~,~JiR~ 

f(t)=acost+b sint, 

(~B}J) 

~~~l!H:~-511lll, ~-iMJmf(t)~j;j'JnJ(;FourierN&l5c: 

f(t)-~+ £: (ancosnt+bnsinnt)o 
n=l 

!l51~f'(t)~~tf i1\J , '(:;l¥gFourierOklfliJ ~EI3J:.~~~~:5tt!tJlJ: 
~ 

f'(t)- I: (nbncosnt-nansinnt)o 
n=l 

ll5!~ 

J
h 

0 
f(t)dt=rra 0 , 

El31l1Hltl¥9{t'i'Ht!:t!t~Uao= 0, E13Parsevel~~. ~-iMt!t~iJ 

J."uct)J•dt= f: (a,,Z+bn2
), 

0 n=l 

r·(f'(t))'dt= i: n 2(an2+bn2)o 
0 n=l -

ll5!Jit 

s:· (f'(t))'dt-s:· (f(t))2d t 

~ 

=I: (n2
- 1 )(an2+bn2)o 

n=l 

\n) 

~~::k~gjG~~~i¥~, 't:~~~. !0~an= bn= 0 tf:3ttl n > 1 ]tl.fto m 

·m• - ~~•Mt~~-~~~· ·- 287 • 

!;.(, f(t)=atcost+btsint, ~~m!m7513ll!o 
(~_;t) 

(Hurwitz~~ll}J) 

~m!l!Fl;;~:t;(7), ~~¥Ml~. :JtfJJN~L =2rr, Ji 

J:"x1(s)ds= 0 o 

~-1N~~'*~Ilt!~I¥9!K•C..':tExtflhl:., ~!ti"liJWli~~l&~1il¥i.1~~*14 

~0 llt!•l¥i.1••~11t!~m~l¥i.1m•"RJJ;.(:5tW•~~~:5t 

f•. fh 
2rr= (x',' +x',')ds ~A= x 1xfdso 

..... 0 0 . 

~~m:m=~~WJlJ 

Jh s·· · 2( rr -A)= o (x (2-xDds+ 
0 

(x1-x!)2dso 

El3511lll, ~-Mtl:51'~2 o 1¥i.J, ~=fiEI*l:5tM~~2: o l¥i.1o ll5!Jit 

A::S:: rr' 

~~J!~ Jjlij>f~:t;. ~Jilt$;:lr~'~ 

~~t!t~U 

x 1=acoss+b -sins, xf=xto 

x 1=acoss+b sins, 

x2= a sins- b coss+ c, 

gpc~-lmWL 
(~7t) 

~~-$00~. r;JJ;.(;s-: 

1. E. Schmidt, "Beweis der isoperimetrischen Eigenschaft der 

Kugel im hyperbolischen und spharischen Raum jeder Dim~nsionezahl", 

Math. Zeit., 49(1943), 1-109. 

4. ~ra,lllltli!IY-.J~IIti$ 

-~A~LI¥i.J~~Milt!~l¥i.J:3tllt!·~~~-:5t 

P. = J>•(s)ids, Q2) 
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;J:t;l::J:u:(s):l!!lll~ft;j!lll$, ~~r"',!lll~. ~.jj1jfi~~T i.~:(s)l, 

~~c~~~ft;j,U~~ft;j~~o~~~~~rr~Cft;jW~tft;j¥& 

~-.~{f']ft;j•EmW¥&•m~ft;j-*Milll~T,fi~Cft;jW·~· C 

~llll·~~ft;j•ft;j•~r~ft;j•~cu~m-E&~w••~•~m•ft;j 

W~), ~~~~. C ft;j~flll$~~ Tft;j~, 

Fenchelft;j~lll[~~~llll $~1m ft;j, 

it3!l: 

~~M!lllaCft;j~flll·~~·~~~-AR·C~--~008Illl 

•• 
lmnH~-5E3!1!i'!~T?UHf~~El3 B. Segre (Bolletino della Unione 

Mathematica Italiana, 13 (1934), 279-283)&83 H. Rutishauser ;fU 

H. Samelson (Comptes Rendus Hebdomadaires des Seances de 

l' Academie des Sciences, 227 (1948), 755-757) l~.lz:gmft;j, -& 1iJ U 

~: W. Fenchel, Bulletin of the American Mathematical Society, 

57 (1951), 44-54, ;J:t;Hf!JJHUitlkri!iil'B51ml: 

sill: 

f&T;ll!:¥&:PJ<i!iL.f::ft;j1iJ;J<:flti'!tM!llla, ;i't;-:lltL< 2troJIU~:PJ<ITii~ff~ 

-EmfJ!!:14T ~IY-J?JT~ft;jJMx ~m~·OOi!£.mx sLj4,;E' Tft;j-:fjt~2tr, 

&./F:~mf&::k'*-ll!l~ft;j~, JIUff:~-flim, U1! mx< tr/2 ~ r ~m'~ft;jx 

ftl..ft, 

:tl!;{f']fflft'.Mt a b *~•m~ft;jPfifli a 5f!l b zr.:Jft;j.mi!E•o ~iib < 1r 

Jl u El3 iii f4: 

- - 1/i[j am=bm= 2 a 

?'JC5Eft;j~mEt;ll!:~flft;jl::J::r~. Jlltx ~jj!jljJE*fll= mxstr/2ft;j-~JM. JIU 

2mxsax+bx, 

••. .!::. Jlltx';,lt!:x i'fJ!m~mft;j~fifti, ll.U 
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x'a=xb, 

x'x= x'm+mx=2mx, 

~um=~~/F•~zer4JU 

2mx=x'x::;;:: x'a+ax=ax+bx, ~3) 

mzem~T J:3z!t/F~~. 

iJl:f£*riBJ351l!l ~Hf~51mlS'9~-W?t, :tl!;{f']llit r ~WMiiE a lU 

b, 'f:;.jj1!11.'\flll~5},ql(;;j:§~ft;jjij9~~. ~;,l[!:ab < 1r, Affl m'*~~.jj1j!Y-Jl::J::r 

l!!Ji, ~X~ T ~-fJj, {!e2mx< 1r o -~E!\J1!1Ji~ff~ft;j , {7JJ~IlfJi a o ~ 

;,ll!:, 

- ~ - r"\ 

ax ::;;:: ax, bx sbx, 

,....._ ,....._ 
;l't;l::J:tax5fllbx?J-~!J '*lr-1!:1' r aMll.-:llt. El31JfJl(l3)JIU~~JU 

- ,....._ ,....._ ,....._ L 
2mx s;::ax+ bx=a b= 2 , 

IZSlJI:t, ~~r ~i'I~E&~. 

f(x)=mx, xET, 

~~~~tr/2, -~sL/4<tr/2, JZSj~T;li!:~~!Y-J, rmf(x)~T ~ft;j~lf 

E&tx, t&E&~f(x)ft;j'fi~~r"',C o, 1r) pg;li!:~~ft;j, ?JT u. &::,~ 

f(x)=mx -s-i. 
;J:t;::X~ ~ r ft;j-:llt~2trft;j1'1!"~. ;E' r 1l1. ~-~~~E. JIU;J:t;-:llt~2tr&::,• 

~~m~::k'*-00~ft;j~,ttcr~~~1l!.~-~~~E.~~~-flEalU 
b, 'E.jj1JZJ!?J-T,l!.Uf! 

ax+bx < 1r 

fl~DxETftJ.,ft, ~~m~~abft;jl::J:tE, ~* 

- 1 
f(x)=mx::;;::2 1r, 
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Jttl E13 :;/5~(13) , 

2mx ::;;:: ax+ ox< rr. 

~&ftXf.iJk~/(x):if'iilillitfti rr/2. · ~~~itJ'(t~~~f.19, J;).l!t..f(a)<rr/2, 

~Jlij. 

f(x)<rr/2, X E F • 

1*:J~~tE~ -t~ J£rm wrr 51~. 
~r*~~~ll9mJ£~. r:i!'~~~w-~~~~. m~~~r119~ 

-~JJja ;f!l b, ]eytf-~x E F, {!I! 

ax.f-bx = 7r 

ftt.JI. • • 1\U'UJ'IH7J.~Wil9*G!t:~RJ J;J.miJIJ~~~RJiili~. :In~. 51:@.[1 
~. 

($!Jt) 

(;;t>.t#~!IJJ) 

~il'ffiJIJFenchell]9~JJ., af.IJ&~-OOI<u:I:A, li~ 

g(s)= A • X(s), . 
~9=r:t:i~~~l<u:I:A~X(s)f.l9~:1:ff(. iii• g(s) tE C J:~~ilf.l9, ttc~ 

tfti.:kfiifflti1J'fli. IZSf~g'(s):(f:(E, 3T J;J., t!f:tEsol&tifti.IIU~tf 

g'(so)= A • X'(so)= 0. 

~tt~~.~~tE~OOJ:f.I9-~A, ~~1'.19W$-IJ:~~trm~~~ll9~ 

-~ rr/2. IZSf~A~~!:f.19, ttcW~-1~~~1'.19.:kOOW:t!Bc, El351:@, ~ 
119~L2rr. 

rW~~~-1'.19W~fill9:1it~ 2rr. E1351:@, ~~ ~mfl.:k*-!m~ll9 . 
~.:In~. ~-c~~m~~OO~Il9~. IZSf~C~W·*~:ff:(E, ~~~ 

-~oo~-.~~~cJ;J.~r:u~~~~tJ~Mm~ 

;J: c(s)dsL 0, 

.IIU/fif 

o:::;::J: {I c 1- c}ds=2rr-J:cds, 
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1i!c;I'!JUttlffX~,~ 0~ 1. Ji:(Ezp:OOP'J~~Il9rtu:i:, ~,tf!Jf!~ZJS.fif.I9Cf.l9 

wr:u~ t. i!!!C:tEt~~•· ~t~~•r:u•~r:u;li:tE~!Ji!~•mw~ 
l!l~~ "2 0 0 ~ge~*~ 

J · ~eds 22rr. 
k>O 

::lU~~Jci"Jds=2rr, i'tc&~·ue"<Of.19!1:16, li 

Jc~eds=2rr. 

EI3~-~1Ji¥Jffl"i±, C~6~~. 

1'F~m~~~{f]tfr 7!J~J!!l.. 

~1£~: 

;:&~Fs,M!II!~rut CEr';J\~e(s)\ :o;:: l jR, .IIUC~~ 

LL2rrR. 

~~~~ 

(~Jt) 

L=J:ds LJ>I "\ds=RJ:I "\ds 2 2rrR • 

Fenchel J;EJ!Ut~®:J'tl1ti'.I9M~·-ill,}il(;JI.. ~~~~~~~t¥~~~ 

.u=J:\~eJds+~a;, ~4) 
I 

;tt!fla ;~tErn:~f.l9ftj. ~1i.Jlffi~. :tE~flntl£, ;l'tW•t1~EI3~r&~mrtt. 

~. ~-r&~~~:~ncll9-r&J't7t~; ~m~ll9m~m¥&~mJ:~•m 

~*oo~••e*· ~~~-1'.19~•1'.19•~~c119~~~ " iili•moo. ~ 
~~J'tl1ff.l9 fit!. ,U 2 2rr -ill,Jil(;:li:. 

~fj$~~1±\ Fenchel ~~~~-OO[IIJIJJ;J.l!t..!Jf!:Zffilm~!ll:ln~t6~J 

~~t¥i'!'9Fary-Milnor~:@, ~;fiFary (Bulletin de Ia societe Mathe

matique de France, 77 (1949), 128-138) ;f!l J. Milnor (Annals of 

Mathematics, 52 (1950), 248-257). ;l'tli\i~~lm:!n:tE¥&~WiJ:~

®:5Jllffi3C(.t~ .:k!mi'lt~IJ!t~ Crofton ~~. w-11l~i<u.:k!MI71c~ i!l-!'t:J 
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"~·. wmmoom~•oo~•&~~~~-~. ~•&•oo~~*~~ 
~.fHt~~tlltW~Zl::li!:'t.JIIla~~mm)il(; ~~:fl.ilGS'giiDlJt. Crofton 7El!l!.~l93 

ta:JT: 
5E311!: 

~r~¥-&;eJCOO Xo ~~-l!l!:J'tftBli, JIU~T;tg~~7E~*IIIli~iJ!ITJt 

c•M7E~*~H·~~~·~rt;~r~~-~-~)·~r~--~4 

ffJ. 
(ill!!})) 

~r•~••&~•~•'t~BAs ~-•~c~. aa•cw~s 

~~OO~Jg(), ~e2(s):fl1 e3(s) ~J'tm•~~~ s ~-&~•· ~!((:it~ 

Ji 

JIU~ 

e; · ej=O;jo 1 ~ i, j ~ 3, 

det(e1, e2 , e3)= + 1 , 

de1 =a2e2+a3e3, 
ds 

de2 =-a2e1+ate3, 
ds 

de3 =-a3el-ale2. 
ds 

~5) 

~6) 

(17) 

~~~~••*••m~~~-~~~~~-~~~-~M•. ~•s• 
r~n•. ~~ 

a:+ai= 1, (18) 

$:-JiJ~ 

a 2=cosr(s), a 3= sinr(s). (19) 

~-®7E~*~~rm~~E~0. 't~~•• 

Y = cos8e2(s)+ sinOea(s), 

~z#~. ~-. c s, o) ~ J;{~•m@;B!J~)ii(;~!Klg(pg~••~~; ~ 

-fPJ~~ttmmoo~Jg(~OO:tJl:5t~a~-oo•~~. 

·~·- ~~~M~~~-~~~· 

.Jlt. ~{ll'j~t• 

dY =(- sin8e2+cos8e2)(d8+a1d s) 

-e1(a 2cosO+a3 sinO)d s. 

• 293 • 

~·- sin8ez+cos8e3:fl1 el -~ii[~ y ~iifi.i00¥&~:1:. m .!;(, y ~iiD

:Jt~~ 

I dAI =I a2cos8+a3sin81 dOds 

=lcos(r-8)ld8ds, , 

~ 

~*~~-~M••mi93H:.~oo•m~~•Jtw~~~~~ 

~P~J;{Y.1¥i:397EJtiJ*ll1ll• n(P) ~YL ;fl:l· r~~lliJi~OOtv., J!U~ 

7Em!.*M-~t-tZt~ 

. fl = Jn(P )dA = J: dsJ:" I cos( r- 8) I dO, 

~*..l~TtB•. ~o~O~U 2rr ~. tttli!ii7E~s, lcos(r-8)1 ~~ 

~~ 4. ~1Jil~fHUtl 

f1 =4..l, 

mze~ 193 7 Crofton7El!l!.. 

(~it) 

~mm-7E•••-•~•~•~· ~-fPJ••· ~r••&•oo~~ 

~~J'tm~~~~7El!I!.~~~~Jil(;ft.••~· mm7E•••oo~~ffw 

~*•~~~}il(;ft, m•~~l93~•. 

~t~r~M!I:Il~. ~~W~'ftn¥j.@Crofton7EJ:!1!~~{4:, J!UFenchel7EJ:!!! 

~-W!$JH~~J~*S!f:. *ill:~. Fenchel 7EJ:!I!~~I931!i-WF~1Jil, -~~ 

~M!I:Il~~w••~••*~•~~~mm. WnCP)~2;mzeM•'t; 

~-~ 
..l =JI "lds=-}J n(P)IdAI~2rr, 

~••&•iiD~~~OO~~ 4rr. 

Crofton7El!!!.J!~$lli TOO ¥;Fary:fi!Milnor ~7EJ:!I!, 't;*ft l±llm :1i~*'l*S 

~~~:J¥.:¥1-@l~\~~{4=. 
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}Ell: 

-MmMsM~:filll¥2.4rro 

• r.urll.i'fiUc · 

IZSI1.£ ";ii.$:~llC' Y · X(s)i39:li::;id~:@Zfi.tH~MJ®l!t n(P) ~,1.£f!liJ 

~o 1FiiD!:~r"',Mfill~CJ3.()3tfill~<4rr, ~U:fftE YEl'0, ~~n(YL)= 2o 

~:;r;~1FiiD!: Y i.t:!'H'li Co, o, 1 ), ~ttliJ J;..l.~~-lll!tE"~Jtlo J!U~ll<: 

:r3(s){l~-~fi::kfiR~-11lfi1H~o ;j{j!li8'\J~ffi11l!Me C ?J-nl(;ffi{!B?}-, 

:fE;tf;r:j:IJ39-fffl?t X3 ~:lii11lJ39, iffi:fEj3-fffl?}- X3 ~t!JX~I¥Jo tE~ffifJ~ 

Ei39*•oo~~!39•-•*•oo~c•m~~m~ 1Fi~re~~m••• 

•e*.m~~@•••m•~~~-·~~!39fillm, mamooTc~~ 

"*H:*fi"o 
~~-$00~. llJJ;..I.~: 

1. S. S. Chern and R. K. Lashof, "On the total curvature of 

immersed manifolds", I, American Journal of Mathematics, 79 

(1957), 302-318, J;..l.:& II, Michigan Mathematical Journal, 5 

(1958), 5-120 
2. N.H. Kuiper, "Convex immersions of closed surfaces in E5

", 

Comm. Math. Helv, 35 (1961), 85-920 

lm~filt:5H\!fiiJ, RJ~;;f;:'S® r:j:IJ3.()Santalo)(~o 

5. 2ra,dll•lf..J~~ 

**•~m.tEm~fill~~oo~~tE-m--~~.~~~E~m~ 

1¥J5lll*, Jlll$ C1FiiD!:~ 0) ;f!lm~. .11Ui:;.fl'l{UH~-11~r.,.,i¥J~!Ubo 13 ?A 

~. ~.fl']·~~tE~~~~~ffi~J3.(J~~;f!JJlll~i39~~0~.fl']··~~~ 

lllj-®:~fB,fi!l~i39~~0 t~:•:Jfilibl!l!J!i39M*~ A. Schur i¥J:1EJ!I!, i:;Wt 

OOS~i39~fii1 •• :1Fi~--B·"~·OO*"• Mi:;i¥JME~~i¥J~

Jm~*o J;..l.""ffff~ltl'l'9Jlll$~m@Jt{jio ~MSchur:1EJ!I!~~lmro 

:lE31: 
ID!:C~!lll$m ~cs) !39•ooB. 'E;f!Ji:;J395tAB-e~S1;-~8fillao 

® "*il":fH~ Studies in Global Geometry a11d Analysis ,Jl,2731l:~tl:o M'~Hlfolnrui 
(1\J\I~liJ J;)~ L. A. Santalo, Integral Geometry a"d Geometric P;·ebability, 

London Wisley, 1976. 
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IDtJlll~C·~c~m~~~l!c;f!JB*, Ji;ti;Jlll$~*(s)::;;:~cs)o :;5'd*fll d ?t 

5JiJ*5f-•K6C*:&CJ39i'tfM~lii395t:llt, J!U d::;;:d•o W.EI..~Yfftijl(;lz:, ~,~Ji.R 

~ C ;f!JC*~3t~!l\Jo 

(~II}]) 

IDtrf!lr*?t5JrJ1.£C;f!JC*i¥JW**-1t· P1f!JP2~r J:i¥Jm!~. P~ f!l P~ 
--.... --.... --

~'(:;jjl]:fE r• J:!39ft~ !11li. ffl P1P2 fll PfP~ ~5f-'(:;fr!ji'J';J5Jll*, Wffl P1P2 

f!JPtP:*5f-'(:;.fl']J39~Jmlffi~L J!U~ 

---- --.... --- --.... 
P1P2::;;:P1Pu P~P ~::;;:P~P ~ o 

lm~Jlll$139/f'~~~*;t 

--------- ---------p~p~ ::;;: P1P2. 

--.... 
IZS!aC~81¥J, rtE-OO::k~J:. :;5'1Fi:1E~~::;;:rr, M~ 

- --.... 
plp2 = plp2 0 

(21) 

mtE 1FiiDt Q ·Jlk c J: a'g-)!10, .EI..~~ - 1-li J3.(]-j;IJ ~ Zfff ~-15t 511\ i¥J 5.to ffl p 0~ 
--.... 

ff-;~-1.litEr J:I¥J'fto :1n'~, JtF J:i¥Jtf-1.liP, PoP::;;: 7r ~illiiililiJEo 

:;5' fflP!~5f-PotEr* J:(l'9Jf!@{1.li, J!U~ 

---- --.... ---
P~P·::;;: PoP= PoPo 

E13Jit~~j 

cosP:P*2_cosP0P, 

~~IZSI-~5t~l$(;fE0~7r~~-·~~~i¥J~~o 

IZSI1.£C~8~. d~CtEi:;i¥J5tJ:i¥J&~: 

f £ -
d = 

0
cosP0Pdso 

~-:;1]00, ~jjl]~ 

d*2. J: cosP:P*d s, 

1'2?) 

~ 

~ 

(l$ 
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IZSI~til!i3'9fJ!:5t~~C*MJfi!:~, -ill.Zt~~:m~~P..lii¥95UE Q i¥iiJ<tJJ!Ui'Ji Q* 13'9 

W$llL.l::i3'9~~o ~~. fil~, CUI5fll~z.tt\JJIJ 

d*'2:_d 0 

~~d =d*, .IIU~. ~5f!J~tlJ'~~;;t. iU!U&C*MJ~U.liA*~B*I¥95%: 

&'.-ZjSfJJk;(EQ*i3'iJ"WJ~o ~.5]1], 

P:P-*= P0P, 

~~U!1;~A*Q*5f!JB*Q*~zp.i!fis!.lL ~-:IJJ!ii, fUffl~OZ-et\JJIJ 

--- --------.. --------.. - -
P:P*-:;;. P:P* .,;;. P0P =P0P, 

~ 

--------.. ---------P:P* =PoP o 

IZSJJit, ~A*Q*5f!JB*Q*~AQ%1JBQ;(Efl~f!!Ji~:t§i<Us~il:ll~. m~'E1Fl~~ 

~S~o 

~JT?I(~rrf~I¥9~~A*Q*5f!JB*Q*tEI'irl-1JiiTiL.l::o ~;6'/f~ • .IIU!i!l~ 

. tE Q* 13'9W~&'.-~'E{II]mtEZ!SIIiii¥93C~o IZSI~~~OO:~:J!ZjSfJ~5t A*B* 

1¥9, Pl-13'9RJ~~~'Efl1:~· A* fiJ B*; ~i!IT. fiiJitRJ~ C tE Q a~mN&-ill.~' 

1'!!.-?i;ltJffiliP..liA~uB 0 ~zetltl±l;f !i 0 ~ZSJJit, c·~zp.Ifii~li~ c ~~0 
(t:lr;t) 

Schur }E:Ill~ff~fiifflo 191J:tm, 'E~I±lr71Jfi1N,jjfl!i3'9-MM: f)(}£ 

li!l~K(s)-:;;.l/RI¥9.®:~Mii!l~, ;1\.r:j:IR~-~-. ;1\~~~-fm!Elo 

IIIHt 

!ill~ K(s).,;.ljR (R~~~) 13'9~~Mii!l~~-*~~Ri3'9ml!Elo 

E13 Fenchel }E:Illi¥9*UfU, ~~-~li!l~Ml*m27CRo M-'E~-*~~ 
R MJIJ!IJEJJt~, fiiSchur}E:Jil(d*= d = 0 )z.tRJJ;.tf!tllfi'E~'~IBI!Elo 

f'Fm Schur }E:III!Ml~=M!lt!ffl, ft{II]Jm-~1±1 Schwarz }E:Illo 'E~ 

~~~~}EMJ~m~~}EI¥9~~mli!l~i3'9x~i3'9~1¥9*~~~13'9o m~~ 

Schwarz }E:Illtalr: 

·M·- ~~-M~~~-~-~· 
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:lE 31: 

~C~~~~}E)!!JjA5fi!BI¥9~, ;1\il:ll~K(s).,;..ljR, liR'L{d, ;I\ 

!ftd=ABo. ~S~~~Af!JBI¥9, *~m RMJ[m}\!iJo .IIUCI¥9*~~, -:;;_ S 

l:i3'9~~AB, ~L S J:i¥9-fi~ABo 

(~B}J) 

~~. }E:Jilr:j:I~~R'L{dflm1!ElSI¥9~tE~&'.-~i3'9o~rrf~~-}E 
~a{ll]:;;r:;~~~cMJ*L<~~ ~•z.e:;;r:;wwm~To Jk~. a~ 

Jm.C~:{ES x~~ffiiRJ*~I¥9~fF.ltf5t, s1E~Jlt~I¥95Z*~ d'o IZSJJit, 
Schur}E:JilMJ~flfii!FiJE, ~ze~JUd'.,;.d, d ~Af0Bzr,.'Ja~Ii8~o m~. 

L'2:_Sxl¥9.~1k5tABI¥9~~1¥9*• • .,;..f!i;fk5tABI¥9$DI¥9*o 

(~;t) 

~.5]1], :flt{ll]~!l~f&A~Bjjjjli!l~~ l/R(RL.d/2)13'9Do ~~MJD 

Ml*~&~J:~. ~tm~••~'E~~a~-r~. mm~•m••~~ 

aom~~:J!-M&~MMlfi~OOfl!l¥9~~0 

JTtf& , a11'lli~H'ffW:~ Schur }E:Ill.11f/l3lU:5ttilt:Jti'lti3'91i!l~. m;;r:;1Jilm 

~-re~ooJt!lW:~:tmr o 

llf:t~:t 

~ C 5fiJ C* ~J!,~ffiiRJ*~I¥9Wif~:5ttilt::J'ti'lti3'9!lll~. Jl C ~'EI¥9 

5t~~-~M¥13'91Jiiiii8111l~o~~-~~~m~~l¥9~*fF~$~. ~ 

K(s) ~CtE:iE'iit~Ml!lll~. a(s) ~tEJJ!IP..liMJWrtuzr,.'JI¥9~; tE C* J:ffi 

U!i3'9:!tfflffiJRJI¥9~Hi't1Jnx£Mf*7f-o dflld*7HU*7f-C5f!J C* MJ~I!lbzr,.'J 

13'9Ji8•om-~. ;5' 

K*(s)-:;;_K(S) 

fiJ 
a*(s).,;.a(s), 

.IIU~ 

d*'2:_d 0 

S)E,Jl~t'f~.ll.&'.-@i:Ji@{ 

K*(S)=K(S) 
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%0 

a*(s)=a(s). 

~~~~~~~~*~C%1JC*~~~~.-·L· ~~~~ff~~ 

~~~~~~. w~~ffi*~~~~. 

6. Gauss-Bonnet~:it 

:&1M~l\t~l!iiML~P3!1 Riemann~fiiJ. ~fmf~H-~~~-~{1:, 

ffii~:tE~tliiLl&~ml.~IXu ~ v: 
d s2=e21<"·">(du2+dv2), C?SJ· 

JIU 00 fA:5G~U~ 

dA=e21dudv, [2'1) 

r.ll~n~oofA:mfA:7t 

A= J[De 21dudv, ~ 

~tlfi~Gauss~$~ 

K = -e-210 •• +1 •• ). (2!1) 

*-*B~~~r:BRiemann~:l::@~itJLevi-CivitalJSrrM:. ~MfiT:l!B* 

~til*· :&11'1~ 
u1= u, u2= v, ClO 

~ 

ds2= .L; g;iduidui. 131) 

tEL~:&J;tT~~~~. 'NU'LT:f:flUE 1 JIJ 2 ~$BIIIP31!1~. ~~;J<%0 

~tt*~~m~~IH.!im~*~· rflgijm~:nm 
L: g;jgi•=o' ~ 

sl~gii, J;t:&r:B 

I
T·· =2_(;;gii+;;gik_;;gi•) -

l}k 2 au• ()ui ()ui ' 

r 1 •= L: gihTiu 

M 

•M4- ~~-~~~--~-~· 
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14~UChristoffel~tft. ft-1l!tl- ~i ~?t:I:R9(<iJ:i:, Levi-Civita lJSrrf;k::@ 

:~ "ta~~7}" 

D~i=d~i+ .L;T}kduk~i. ~ 

J!ff;~:n~~:nm:ffll~1E~:!W,Riemann~fiiJ~~~il~. 't1Mr:B~$~~:i: 

~f!TR~J;t~~.J;I.T~~~-~.®&~tlii~~(<;J~.~-M~~R¥ 

~W(<;J•m••~~~B.m1l!~~B~~-~. ~-A~ffi~SE~~ 

~¥&(<;J.:i:·--·~~. (~~B~M-11!~-~~.~-~-~-M 

··~· ·-ELI!ff~~¥&W(<;J:i:M·~~~. 1E~-L~-1l!·fA:~ 
;ra,.) Jt-00¥&-w.J(<;Jil: 

~ =ce.e), 

~ 

1J =(r;l,r;2) 

*--~~~-M¥&W(<;J., ~~%1lr;M--1l!~~~(<;J. ~~. r;~ 

,r:B ~ Pt-t;R:~~. msl~~¥£~7!~~ 

'P = .L; giiD~ir;i, 
I '5.i ,j'5.2 

~rp~BL~~.R~fi't;···~~. 

~- ~ ~¥&(<;J:llt, :&1M~lm'tl¥97f.:i:~-~rlTI¥9~~: 

:~~ 

:A\ll!.~~H~~JIJ 

~1 =e-1 cos0, ~2=e-1 sino. 

r;1= -e-1 sinO, 1;Z=e1coso. 

r:,=r:,=-Ti,=1., 

r:,=r:,=-r: ,=1 •• 

:'I!IJ!t~JIJ »> ~l¥9fm ~ ~ 

rp =d0-1.du+1.dv, 

.JJ<~~?J-~~u 

drp=-KdA. 

(3$ 

(36) 

(3'1) 

~ 

(39) 

~<» 
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:/J~(40)gl4wt~=*l}]lj$Riemann~fiii!=f:lm:m:~J¥-J-0.-~. 

~~W~~~BLI¥-J-M~~W~.~*~MI¥-1-00r~L~~-M 

¥&w~•~ •~ftm~~ft~rMI¥-1-M~~~~.~~ ac•M 
L-~:J't?lhll!~. ~5!li.*~ s , ~(s) ~l'l:l' C J¥-J-M:J'tl'IUi&W~ft:lj!!, ~U 

~=uds, 

ufi~~l'l:\'C~~~.~*u=O, ~-~~~~l'l:\'C~fil¥-1. *~~C 

~~mw. Mufi~CJ¥-Ja:llB~~~*l'l:l'CJ¥-J¥&W~:i:•~rrJ¥-J, u 
~illrr:llB~&¥-~~. ~uc•ML~-f'*illrr:llB~. 

~~M~-M~~D.~DL~~7-ffl¥&W~~~. ~~-mM 

TI:~J!!liP0 , Po~DI:B-OOP31.li. ~r •• ttPo:ml=fl'C..' , *~~ e 1¥-Jillrr:llBIID • . 
~um:JJf~ ;t;c30J, ~ll.ll 

11. { -Im ~ 2rr•-O r, 
(41) 

·-00~~. fi~~:l:~tEPol¥-111'1:~. 
!i!17*~1±l-:@JI.~MTI:~IM!¥-J~.:I:~i:B17'dr. ~1JIJ~ZIJ•: (a)l!fli!i~G 

** {a) (b) 

Q+ 
(c ) (d) 

~ ~ ~ 
{e) {f) 

Ill 17 

·~~- ~~~M~~--~*~· 
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~*• (b)mMfli!iiG:&!.'h (c)J:f:r'C..'fl.!~, (d)irti¥~fl.!~, (e)~~f.li, (f)~~fl.!~. ~ 

.jjl]f!Mii-~ZIJ1! 1, 1, 1,- 1,- 2:f0 2. 

1Yf~Gauss-Bonnet-0;~ie~ rOOI¥-1~311!. 

5E31: 
~D~MI¥-1-·~·1¥-1~~~~ ~-~;l!~R:J'tml¥-l~·c. M 

Jc~tcds+ 1 KdA+ I; ( rr -a;)=2rrx, 
C D i 

(42) 

~J:f:r~tc~ C 1¥-Jillrr:llB~&¥-. rr -a&~JJi!!'lii¥-J?'f-fiJ, x-f!D ~Euler ffittlt. 
(~a}]) 

1t1G~!ID~~--~~~ ( u, v) 1¥-JflfW, li..~Ji~C~- n~l¥-1 

1!ii¥~Ji%, a~J!~C;, ]Jifij~a;, 1 ~i ~n. ~~D;l!lE~~I¥-1. 

Jt5J]i.C;I¥-J~--:-fi.!Mfll:frC;J'tlJ-M¥&W~:;:. ~~. ~~-MJJifli"tiie~Pfl-1§1 

W~:i:. ~~fiJ~ rr-a;. !BWt~@li~311! (Ji!.L), ~~C-mlll#OI¥-J 

~~~:m 

~"tiie~Jij 

2rr- ~ ( 1r -a;), 
i 

J. ~t8ds=2rr- I; ( rr -a;)+ J. -~.du+~udv. 
c i c 

E13Stokes ~~. L~:f:i)lfffi!¥-Jf«~~~-ffnKdA. ~~. -0;~~~-%'~ 

m~r~Jum~. 

~-~m~. ~Dfltm:~~-:@~·WD,( ~ = 1, ···, /)i'l~~.~~: 

1) ~-m v.~~-M~~~2) m• D,gl4~~~-0.-~fli, gj4:1llf~

M-0.-~J¥-Jm~M. !i~G~~-11-0.-~1¥-J~. ~?'!-. aD, ~!B D ~~1¥-1~~. 
JYi'tt~-~P3JI~/ffiiJI¥-J~·WJ:f:r~m&:J¥-J:/J(<;J. a v ;fOe ~ZIJ~DI¥-Jt£ 

~-~~m~J:f:ri¥-JP3JJi~~P3~1¥-J-§, U/f~CLi¥-JJJiE~:fO···MLOO 

J¥-J-0.-~~~m~~-m~.•m~J¥-J~:@~•~m~. ~~l'l:l'•-~P3 

~J¥-Jillrr:llB~$1¥-JfR~m;m. J{U~J~J 

fcK8 ds+ fnKdA 
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=2TC/- I; ( 7C -a1;)- I; ( 7C -a;), 
i,J. i 

~*~~~n~-~~~. ~~~~~--M~~~~•oom~~~m~ 
Mlli.til:~lma~. fZ;l~~-~P3~1*~Pf100Dl~~. t(:Rimtn-OOMI!!Jia~~. 
~~~27C, tn~. •m~~tn 

-2TCe+2TCv. 
~IZ 

x(D)= v- e + f (43) 

fii~D ~Euler 7f-M;JX, ~A.J::5'tgtmfU~. mzj;mlflJEI!c X >!'{&tf(D

~11[:5}. 

(~::C:) 

~JliJ, ;5'C&~MI!!Ji, J!U~ 

fc"zds+ JJDKdA=27Cx. ~ 

Jlt?i-, ::5' Dgt~!lllOOM, J!UmfU 

JJc K d A= 2TCX. @.~ 

milt~~ ;5'K=0, UM~jf-M;~~·· RM~~tnmOO.:t'K> 
o, J!U x> 0, RM~~tn~OO. 

~!lllilffJ:~[ti]jt~~ljjf~rp, Eulerjf-f1:Jk~~![~~:ll!!&. 

lll't$:1 

~IEJ.iJM!lllilffMJ::, ~~~~OO~I!!Ji~JtiJ:S:~a~nf~~~tnM~7f-M:. 

11<: xCM). 
(~kfl}]) 

~ P;( 1::;;:: i :o;;:'n) ~-MJ.iJ:i:~~~~. r;(•) ~.(;,( P; f.i*'t.', 
• ~*~~il~:ll!!OO, A;(•) ~ r;(•) /Wlll~lmfi:. ~!![~ M- UA; (•)l:. 

i 

fi!{7}KdA, :~UUffl:15~5't@.OJgtmfU 

JJ 
M-UA;(') 

' 

KdA=LJ. <p, 
i r;(c) 

~rpr;(•)::!lf:IEJtiJI¥1, f!!!'(:;:;!lf;A;(•)~Ji:W. '$' • -+0 ~mJU;E~. 

Ut::C:J 
~-!F3~ lfl Gauss-Bonnet~5't~Pf100:ll-tP~Rjffl. M-OO ~Jacobi~ 

·m~- ~~~M~~-¢~•~· 
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~. ~x(s) l!:~r~'~,Mllll~~;E{ft(<iJ:I:, s ~1:;~511\:llt. T(s), N(s) ~ 

B(s):5}JliJ::!lf:¥{it~Jtilii, ¥1ft±.7*Jtil:i:~¥1ft~i'*J.iJ"i:. t!'UJ, t( N(s) 

•~E&J.iJ~m•~~•&~ooJ::~llll~••::t:.7*~•· 1:;~w~••~ 
;{£, 't.!ll*~~-fJi~ 

JC2+w2 ~ 0, (4Ql 

~rF"(~ 0 )~w~JJU·!lll~x(s)~!lll$;fil~$. Tilff:it~ Jacobi ;EJ!I!. 

:lEU: 
::5'-~~~Mllll~~±.~8·~W~··~~. U't;:51¥1ft~ilff~ilff 

~JU§~~mf!B~. 

(it:B}J) 

~mwH~'!ll~E~. ~11'lmT71J:1J~~~E": 

~u~ 

"~V"2+w2cos'l', w=J/JC2+W2 Sin'l', 

d (-cOS'l'T+ sin'l'B) 

=(sin'l'T+cos'l'B)d'l'-J/JC2+w2Nds. 

(ft) 

rz;jJit, ::5' a 1i!:N(s)~511\:Jlt, :: JJ:.N(s) ~¥1ft~ilffJ::~ilU:It!!!lll$. ~D 

~t(N(s)~)!3!jt(lk]!i[~z-. rz;j•K= 1, mGauss-Bonnet~~m3liJ 

J d .. +.[TaA=27C, 
N(s) J' 

~•mf'JA=27C. 

M=1ll~ffl-llfn8llllilff~Hadamard;EJ!!!. 

:iEJll!.: 

(~£) 

~~~.a:;~r~'~,*~-1ll5EJ.iJM!llliiD~ Gauss !lll$@:•lE~. J!U't;~'~ 

8!lllilff CI3P't;~~~-oow~oo~-ii). 

~L*~11'l-·llll~N~-~C~IE~fi!lllilff, ~~~~'t;~~B 

:5C~. 

(~a}]) 

El3 Gauss-Bonnet ~~mf'J!lllilffM~ Euler 7f-M:ltr!JEJ(, ijft( 

' I ~ 
~ 

~~ 
\-" 

! 
1.; 
~ I 
~ 
~ 
~ 
f 

'It \_ ' 

O!fj'l'_t;.(M~L ·--~ .. ;""""I ... --·-·------
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• .{It:>)- .t!J'flA-1..·· 

x(M)= 2, 

lL 

JJKdA=4rr. 
M 

®~M~~I<ila9. :Jtrl~J!Gaussf!!Jc:M 

g: M-+20 (4S 

(~!:f:!S&J;I. 0 ~!:f:t~tdm¥&~iii), 'E1E\ME1;4!-!li P, Jtj!~ .l;k 0 ~ 

~!'iE1Jlf-rr~M:tEP 1.1!~8t¥&i*~<IT:i:E1J~!'i. MR#K> o f*m7 g:tJ:'ffJ
~~'IfE1nJI'~E1J~Jf{rr7IJ~. grffii:tEJlUtl1Ll:~-fl-8t. EI=JJitt¥HllJ g(M) ~ 

2oE1JIHFf •• IZSI~M~~tft(t;, g(M) ~So (t;~iftr~. IZSIJ!t g(M) iP. 

~ME1J. "fJ;I., g~:tEl:E1JIJ;li!;M. 

®~g~~-Jt-(t;, ~P:ff::tEMl:a\1~1'!18trnii.!JiP~ q, ~ g(p)= 

g(q). JllJ1fq E1J-M~~U, ~~ g(M-U)=2o. IZSI~ .f.{ KdA ~ 

g(M-U)(t;jjj~, ttl. 

{!!~ 

"fJ;I. 

jJ KdA24rr. 
M-U 

If KdA>O, 
u 

JJ KdA=JJKdA+ JJ KdA>4rr, 
M U M-U 

~§it~:lilJ;f !§. Hadamard ~:l.!ll~lH!!z. 

M-U 

(1i::,t) 

Hadamard ~:l.!ll:tEK2 o ~-~~~Wf-!P.fil(;)L, {!!:;li!:~m!OO.lt~ffi 
Jl; RJ .1;(~ 4. l:J:l~:lilJ(t;Chern-Lashof(t;Jt!ii. 

~*-?PfJ!l~. liJJ;(~: 

I. S. S. Chern, "On the Curvatura integra in a Riemannian 

manifold", Annals of Mathematics, 46 (1945), 674-684. 

2. H. Flander, "Development of an extended exterior differential 

calculus", Transactions of the American Mathematical Society, 75 

~ 

j 

·m• - &~~M~~~-~~~· 

(1953), 311-326. 

7. Cohn-Vossen~ Minkowski ~l!l-ii:;.E:~ 

Cohn-Vossen (t;~UliUI:~Ji!l.RJ J;(~~~rrr. 

:JEll!: 
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:tErnMM~~oo~~E1J-m•mfll!~~-••· •-••~~M. 

~1!J[5W;, ~~at-m•m~zp:JLE1J. m~. ~-~:l.!ll:tEJlUml~~fiX: 

:ll.Bt. J;I.~atm!OO~G. Herglotz (t;IfF. 

U.ta})) 

a~·~·N·~~~~~~l:J:lat~iii:l.!ll·Bt-®M~B®OOS. 

~~'EE1J~~I<iJ~XfF~·~u~v(t;••·~®~1f8·=~(t;g•(t; 

~~~.lLL®~:tE--Efi~-~-~(t;, E~·&i*I<U •• ~SfiX: 

~~I<Uat. 1flr 

I =dX. dX=Edu 2+2Fdudv+Gdv2
, 

II= -dX • dE=Ldu 2+2Mdudv+Ndv2
, 

~0) 

:$}'7.Jijfi~~OOE1J~-®~=~*~;t:;, H®K:StJ.JiJ*~zp:;Jey®~~ Gauss 

®~. 

R~moot~:•mJt~~'E~stm=~*~~~m•E1J.&~JlU$~~ 

~:tE~~~1fffii'!IBtllUml~~.~~. ~~mm~oo. E, F~c$~ffi 

.(t;, lL1fffii'!J (t;Christoffe1~!Jdl. am= 1ll ~OO~S*, ffi~(t;:!tffl ffi l'iJ 

E1J~HL'f:tJQJ:£!idl•~· m51* 
L M .( =--, p. =--, D D 

~9=tD=vEG-F2, j!IJGauss!lll~~ 

IJ= N v' 

K =lJJ- p.2=A*JJ*-p.*2
, 

w~rn1ll!llliii1fffii'!JE1JGn~!lll~. Zf-:ley!lll$7t~~ 

1 
H= 

2
D (G.(-2Fp.+EJJ), 

$0) 

(51) 

(5~ 
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H* = 
2
b (Gl*-2Fp*+Fv*). 

~-?P51~ 

J =Jv*-2p,u*+vJ* 0 (53) 

~:Ill!~~ 'liHtdWFOO~m: ~~= 

a a DR =-(v*X.-,u*X,)- -(p*X.-l*X.). (54) au av 
1JJ'[;ij:;l,, Codazzijj~~~~~J*, p*, v*~ffi:l~rf~j~~: 

{
JZ-.u!+T:,J*-2T: ,p*+T~ ,v*= o, 

p:-v!-T:,J*+2r: ,,u•-r: ,v*= o o 

;~!!;*, Gaussjj~~~ 

j
x •• -r: ,x.-r; ,x.-DJe= o, 
x •• -r: ,x.-r; ,x.-D,u~= o, 
x •• -r: ,x.-r; ,X.-Dve= o 0 

!m-l:~Jjj~~~HU~t{X., -X., v*, -2,u*;f!Jl*, W:lll:tJilgetUU(54lo 

~ 

j 
P =X· e3 , 

Yt=X. X., 

Y2=X. X., 

(55) 

(56) 

(57) 

~t:f:!~;t:ii'lffil~(<;J:Ji~l!(:i:fSfo ttr. PC u, v )Zt~~/JlU'liJUtEXC u, v )~W 

~mi~1i(<;Jlffi)Jo M:15~(54l~frH!~XfF1f\il:l\\:ge~JJJ 

DJP=-v*E+2,u*F-A*G (58) 

+(v* Yt- ,u* Y2).- (,u* Y1-J* Y2)vo 

~C~SJ:~-~MII!l~, 't;Jm.S~Jil(;Wj11911![~: D1 ;f1l D2, ~t{C~ji 

~. Jlt9f-, C ff~.D1 'f1l D2 ~J!~m'~i!J~~(<;J1iffi&:J35Jjj (<;Jo Jf~-M 
l![~~fflGreen~~. J'[;;JJD1: 

JJ! pdA= JJc :._v*E+2,u*F -l*G)dudv (59) 
Dl Dl 
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+ fc(p*Yt- J*y2)du+(v*y 1- ,u* y 2)dv. 

ttD2-t!:!.1i~Wa~~~. M't:flil:lll1Jn, ~il:J!:JU~fi{7Nitifll, ~¥l:~JI] 

JJ ]pdA=ff (-Y*E+2,u*F-J*G)dudv. 
s s 

E!:Jjjf~~(52), 

JJ ]pdA=- 2 JJ H*dA. 
s s 

~lJij, ~S'fj]S*@:Ii'fl~, ¥l:~Jij 

ff 2KpdA =- 2 If HdA. 
s s 

oo. J::OOatmM:15~~113~§ft~Ju: 

Jr lJ*-J ,u*-tJ.IpdA 
s ,u*-,u y*-v 

= 2 JJ H*dA- 2 JJ HdA. 
s s 

~7t)il(;~:Ill!~m ~. ~1fl'l11Bl~roo~~~sMIJm. 

51 1m: 

~ 

ax2+2bxy+cy2, a'x2+2b'xy+c'y2 

l!l~lE~~=*m. l!. 

J!U 

ac-b 2=a'c'-b'2, 

I 
a'-a b'-b I 

~ o. 
b'-b c'-c 

l!.~~Jjl(;lz:~,@:{~moo=::;.:~:~m~l¥9. 

(~!lJJ) 

(60) 

(61) 

(62) 

(63) 

(64) 

(65) 

~frjj~b'= b, IZSl~~~RJJ;.{~~~J!~(.j'g~~a5J~M:~~JiJij , mi 
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51:1.!1!891l*f4tE~:i:89~ tt~~""F ~/ffJ!I't-Jo ~~. 7J~~(65)a1Jti:illffiZt~~ 

(a'- a )(c'- c )=-+(a'- a )2, 

~Ztm007/f~~(65)o Jl:l:;7'f-, ~~)1l1;lz:{f'/lta'= a ;file'= co 

RtE~~-E~~tES~-Woi&P>OoU7J~~aa1Jtc~r'Wm~ 

~'!I!OIEr'W, ~ZSJJI:I:;~~u 

ff H*dA ~ f{ HdAo 
s s 

IZSJ~ S ;f!JS*Z.Fs,r'Wiml*:F&~fiflj, 1&3Z.1f 

f{ HdA~ff H*dAo 
s s 

IZSJJI:I:; 

Jf HdA=f[ H*dAo 
s s 

~•~n7Jw~af0tcillffir'W•~~~o~~ 

,l*=,l, p*=p, JJ*=JJ, 

~Zt5\':nl1;7 Cohn-Vossen ~l.!l!fOmtmo 
(~Jt) 

E13Hadamard~:Jm. ~fj;g~u. ~K> 0 r'WMJltl[m, Gauss~M 

g: S-->1:0 

~-~-fOo fZSIJI:I:;, s l::r'Wl!llil'iM$~~nl1;~~fOtJ;;JtiJ ~ r'W~~. ~-?17, 
S J:Sjtf:f"Ilfcft~f{iQ.=M!l'iiJ~~~~ ~ l'!)]~~o Minkowski~l.!l!~~. ~ 

K(O~B~~. Sllf£-lic~o 

:lEJm: • 

~ S :F&M~ Jllllili, ;l'tGaussJlll~K> 0 o J\U~f{K(~)l}c~ S {l~-00 

ZJSfio 
(~aJI) 

~.fM!m~l::Wr'W~OOfF~m:w,, fUJlHl~~~*il--®~!!1'1 C~~s. s. 
Chern, American journal of Mathematics, 79 (1957), 949-950)0 
~ u ;fO v :l!Jf!&~lili.J:r'W~ml~~. l&f;f 

·M·- ~~-M~~~-~~~ · 

{
~l=~/= A> 0, 

~ •. ~.= 0 0 

(66) 

~~f!llc,M g-1 :tll;.fM12,~ u ;fll v ff~ S l:r'W~~o fZS!~~. ;fll ~ v =M!l~Jiii::Jk ~ lf. 
:!Uiiltt~lmr'W, 1&~-M~Jiii::Jk ~ r'Wrtu:I!:=M!l'iiJ~*~~'tfl~i1:W:~o E8 

1ft: 

Xu • ~v=Xv • ~., 

l&'iiJ!m x. ;fO x. *~~ 

{
-X.= a~.+ b~ •• 

-X.=b~.+ c~vo 

JlfJ-~mM7J~~~~.;f!JM'fpgl'S{, J\Uf;f 

Aa=L, Ab=M, Ac=No 

~7'1-. ~•~*m•7J•~f0m~ffrtu:~:m.~• 

x.x x.=(a c- b 2)(~.x~.)o 

{§.~ 

x.x x.=D~. ~.x~.=A~. 

:l!I!~7J·~(ss)R~~u 

:lk.lf:: 

D= A(ac- b2)=KD
2 

A' 

2- 1 A=KD, ac-b - Ko 

(67) 

(68) 

(69) 

t70) 

®mAdudv ;fO Ddudv ~7.11]~1:0 ;f!JS a1JR1J{5G~. 7Jfi~t70)a1Jm-;;:~:;~ 

~7K~~~~•5G~z~~-~~r'W••o 

~~S·~~f;fl§[R]a1Jimf{K(e)a1;~-®811lllliio ~flJilftS ;f!J!S* Z 
rl3,a11--oo IRJJ!E, ~'tfltEJt~~.li1fff!IRJ r'Wt!;rtu, J\U~~ u ;fll v RJ ff~ s ;f!l 
S*~~~. A~~Ef;fffl[R]Sj~~~o flS*r'Wffl~r'W~f{;f!lltu:i:fflffi~ 

r'W~&'t:!Jill::£~*~0 fl51mK=K*, EI37J.~\70)14~1 

___ ___J ___ _ 
....... - ~-- '"~·~~- .. ~- ______ ... ...,.~,, 'f "'i:> 
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~ 

ac-b2=a*c*-b*2, 

D=D*o 

P =X· e, P*=X* · e, 
~~~~~~~~m®AAOO~W~OO~~-o~*~lm~~m~~ 

(X, X*, Xu).-(X, X*, X.)u 

- =A {2(ac-b 2)P*+( -a c*-a*c+2b b*)p} 

Ull 

=A 2(ac-b2)(P*- P)+ P o { l
a-a* b-b*l } 

b-b* c-c* . 

~RJJ;{EiJ:1J~:i't(67), (69), (70)fllt71)1z:~P~~Jo Eii~OO@~~. ~fflGreen 5£ 
l.!Ut~~Utl7H~~ 

JEo {2(ac-b2)(p*- P) (72) 

l

a-a* b-b*l} + p • Adudv= 0 0 

b-b* c-c* 

~~~~~~~AAOOSfi:IS*~~~(~~~RJ.l;{~~~~~~), ~ 

~ p > o l;{:&P*> o o IZSI~ 

( a b) (a*b*) 
b c fll b*c* 

i5~IE5:Ea91Ei!ili, EiiBtrOO~IJ~~f{~51l.!!~~J 

IZSIJit: 

I 
a -a* b -b*l 

:S: 0 0 

b-b* c-c* 

Jio (a c- b2)(p*- P )AdudvL. 0. (73) 

'jt~S filS*~~~. m!RJ~Im~{JJ~nltfto IZSIJit, ::1J~;;;t(73)ii:~~ft(:5t~ 

m~~~o .~tUEI:I::1J~~cr2l~~u 

J I
a -a* b -b*l 

Eo b-b* c-c*pAdudv=O, 

·~·- ~~•Mt~*-~*~· • 311 • 

~R1f'lta=a*, b=b*'fllc=c*::t1fRJf415o Ef:IJitl:iJ~ 

Xu*=Xu, X.*=X., 

~p S fi]S*{i~-~30 
(~;t) 

~~-?}13fl~. RJ.l;{;s-: 
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3. K. Voss, "Differentialgeometrie geschlossener FHichen im 
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8. H~fmlJ'II!i iiitf..J Bernstein :lE31! 

m-~~Hi,Hl!JOOgt~~rnHflU:;:J<fW Plateau r.llM~AAOO, ~p.l;{~~~.rl'l, 

AA~~~~~OOtlft~a9AAOOo~fWfi~ ~RJJ;{Ef:I~~AA·fi~~~~ 

-~f4:~~o~~AA00~::1J~~~ 

z=f(x,y), (]4) 

~9=tf(x, y )~=*~-RJ~~o ~~. ~,J,AAOOEt:Ji!.:~~7t::1J~~ 

( 1 +q 2
) r -2pqs+( 1 +P2

) t = 0 

~M. ~* 
of of a•f a•f a•f 

P=-, q=-, r=-, s=--, t=-
ax ay ax• axay oy2 0 

:IJ~~(JS)fi~t!i'J' AAOO:IJ~~. ~ ~;JF~M:~lmmD~~~73-::1J~~o 

Bernstein ~Jl!!.llit:li!: rOO~ "Pl-11:~:1.!!" o 

:lE31!: 

(]5) 

~~::1Jfi5'\~-~~~~AAOOWx'flly~~-~-n!tft, -~~~· 
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W.~~~~. ~~~~~~~OO(x,y)~W~~~~-M~-00~~ 

~~. 

(~B}J) 

~f.llftJ.1E.~-:tE:OO~*S~TOO!l9J0rgens:tE:OO~ft~illi. 

5E31: 
~~llc z =f(x, Y )~~~ 

rt-s2= 1, r>O 

~M. J{~ftlx ;f!l y nit :IT, JtU/Cx, y )~fm~x ;f!l y ~==:X~~~. 

.IIU:ff 

J41ID:tE~Cxo, Yo);f!J(xu Yl)~l\t~~ 

h(r)=f(x0+r(X1-X0), Yo+r(yl- Yo)), 

rrn 

h'(r)=(X1-Xo)P+(YI- Yo)q, 

h"(r)=(xl-xoYr+2(xl-xo)(Yl- Yo) s+CY1- Yo) 2 f?:. 0, 

;);tl=j=l~~~p, q, r, s, t l=j=l~ Ell!:i:~x0+r(X1-X0);f!ly 0+r(yl- Yo). :fiE · 

~~~--oo::r:~~~~u 

~ 

;J;tl=j:r 

h'(1):;;::h'(O), 

(xl-xo)(Pl-Po)+(yl- Yo)(ql- qo)L 0, 

{
P;= p(x;, y;), . 

1 = 0, 1 0 

q;=q(x;, y;), 

• ~ JI:Lewyl!~ : 

~ 

ti!~~~U8)~ 

{
~=~(x, y)=x+P(x, y), 

7J=7J(X, y)=y+q(x, Y). 

{ 
~;=e(x;, y;), . 

t=0,1. 
7];=7J(X;, J;), 

(18) 

(19) 

(80) 

(81) 

:"ki { 

·Nt~¥--:~tvo:r.,<l'lo'J•Ut.~llloo · 

ce~-~o)2+ C7Jl-7Jo) 2:;;::(xl-xoY+CYl- Yo) 2
, 

j2;filt, ~M 

(x,y)--+(C7J) 

~ilfiJE.lfi}J~~. 

)WJ;,( 

!It~!-. j2;1~ 

e%= 1 + r' e,= s' 

7]%= s ' 7Jy= 1 + t ' 

o(e , 7J ) - 2 + r + t :;;::: 2 , 
o(x, y) 
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(82) 

(83) 

(84) 

(85) 

ti!1J~~(80)~7Eil9~M~Jmf:lfl-~-~. ti!!lti'iJ~, ~!-J-(83)~ (x, Y) ~ 

w~uc ~. 7J )~OOJ:~~:5tr"8Jilf. 

j2;filt, ~1flli'iJJ;(lftJ.~~~t17l~M/Cx, y )~f'F~ nll7J ~~~. itr 

F(e, 7J)=x-iy-(P-iq), 

c=e+i7J. 

(86) 

(87) 

iW!~Hnni'iJ~tf:l, F( e, 7J )fflliJE Cauchy-Riemann :/]~~. t!J.F(c;:)= 

F C ~ , 7J )~ C WiEJIU~~. !lt7i-

F'(c;:) t-r+2is 
2+r+t 

:t:E:a~~~-rmi*~. ~1fil~~u 

1-IF'CCW 4 
>0 • 

2+r+t • 

;In~, F'(c;:)~~ C ~OO~:ff 91!-~. ffiLiouville:tE:JJl, 

F'(c;:)=const. 

~-~oo. IB~~~(S8l~~u 

(88) 

V""'l!ll!ll!lll-l:l!!"~ 
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r 11 -F'12 
1 -IF'12 o 

s _i(F'-F') 
l-IF'12 , 

11+F'12 
1 -IF'12 o 

!iJJitRJ~. r, s, t 'MIHi~:Jtflt, Jorgens~~~JUm~JL 

Bernstein~~J!J0rgens~~a~~£~JU!ltil'i*o ll=.J::, -$ 

W=( 1 +P2+q2)112, 

JlU~'J'itl!ooat:1J~~~{J{~T?U:15~~9='at~-M: 

!

_a_ -Pq +-a- 1 +P2 = 0 , 
ax w ay w 

_a_ 1+q2+_a_ -pq =Do 
ax w ay w 

1k~:. :fHE-®C2~~9'(x, Y )fSH-'l 

$!>u=~( 1 +P2), 

1 
9'zy=wpq, 

$0yy= ~( 1 + q2)0 

~~{i!J~rfli.@:Jj~;A; 

9'u$!'yy-$02 zy= 1 1 9'u> 0 o 

(89) 

(90) 

(91) 

(92) 

!iJIOrgens)EJ.!ll., ll'u• 9'zy ;fl:l $!'yy \l!~~ltllco f?;~Jit, P ;fl:l q ~Jtllc, f(x, Y) 

~l'it!:iaii~ (Bernstein)EW.at~-~~~ J. C. C. Nitsche *itl±lat, RJ~ 
Annals of Mathematics, , 66 (1957), 543-544)

0 

(~,;t) 

lm~~1J-itl!ooat~~Jtl\t, RJ.l;.(MTrni~k*~¥lH!f: 

l. J. C. C. Nitsche, "On new results in the theory of minimal 

surfaces", Bulletin of the American Mathematical Society, 71 

(l965), 195-270. 

Jl{tft..=. 

1Jrk 7}~1~ ~:£1 Wu!fiJ:fl 
~;tj- ~ 

a•-~sAm~~. ~~1~o•~•.~••o m•a~mM• •· ~~--~~~-~*· ~~~~*~"~~,, -~~~-$-~;fi:IOO 
1ff:.A. 0 fm.-Aazc~: "aM~~at~1ff:" 0 1937 •a{Fl~i!!im~::kFRJ 

$, a~;;;iJ~~fm.at "~~itt~" o 
~~~W;fl:l:l.!ll.~~J.!ll.~ffl~~~~I~. -*~~~wm~. -~~ 

~~:l.!ll.m~o~~~~~~~oillffW~:I.!ll.m~~a~~~~.mt(W!* 

)Z.~~*ilt£1Jlo jjjii5,!~$ffl!iJ.!ll.a9:1J~, {J!J.!ll.~H'li~J.!ll.~~~~~*3Z~o 

~W~~~1ilfl.I!WJ, fZ;!Jit~~rJ.I~.l.t~~ !iJ, ill!iJ.!ll.~-~~~~/~U~tl:o 

~-~m•re•~•·~~-~~•~•~;fl:l•AatA. &a::kmMff 

T. •••~at~at••o ~~ ~~m•~m•~at~~~w~•~ 
~~m~~~~~~~~~~~. $~~J.!ll.~fflW!~llc~*mR~o~M 

"~~ IRJ~" a~m~M;~ .A.if/iilll~z~o 

~~~fiiJ~J.!ll.~~¥o:l.!ll.8~1Ul~~IO~RT-o :;;t;:JtRJUUi!~~li. ra,ll#111lA, 

~**m~o 

l.~::tJ~faj!j}j~~ 

albn¥4' ~r!U~-Mii!i!Rat~i!J, itre-m~~~li!il at~:B:Ii!ilm 

J::, oo~~~~at~i~Jo~=-~~~mm~*m-~x. ~~~xatli 
m~mra~¥&9:::it e;, i = 1 , 2, 3 0 :tal X #f;;*~lix a~gg~~·· JlU 

~ 

CD *:lelil\lt1:"J!U~!\ml11l~;iJtf'!:Thi:£J~", H~!±lJI!(iii±, 1982 e¥, :SUPA'iJJ!J?t1::l!UiJlilli}i!l\i!< 
tio 


